Math 3974 Problem Seminar Homework 4

Due Monday, March 11th

Problem 1 (1pt). The sequence {a,} of real numbers is given by a; =1, as = 2, and
2n —3
n — Un—-1 " —1 n—2 — 5 ::3,4,..”
N, — ap_1 — (N — 1)a,_o =D =2) n

Find lim a,,.
n—0o0

Problem 2 (2pts). Prove that

(-5)-

Problem 3 (2pts; a half of an A-6 Putnam question). The sequence {a,} of real num-
bers is defined by a1 = 1, as = 2, az = 24, and for n > 4,

2 2
6as_1an_—2 — 8an_10;_»
Ay, = .
Qp—20pn_3

Find an explicit formula for a,.

Problem 4 (1pt). Let a, be a sequence of positive numbers such that
a2 —a, —2 — 0.

Prove that lim a,, = 2.
n—oo

Problem 5 (1pt + 3pts). Compute the following limits

(a) lim sin® <7r\/ n? + 2019n> ; (b) lim sin (2men!).

n—o0 n—0o0

Problem 6 (1pt 4+ 1pt). Compute the following limits

(a) lim —Zka (b) lim

n—oo N2A™



Problem 7 (3pts). Let a, be a sequence of real numbers defined by
api1 = an(l—a,), n=12,...
and aq is such that 0 < a; < 1. Prove that lim na, = 1.
n—oo
Problem 8 (2pts). Let s, be a sequence given by
1 1
Sp=1+=-4+...—, n=12,....
2 n
Prove that lim (Ins, —In(Inn)) = 0.

n—oo

Problem 9 (2pts). Let F, be a Fibonacci sequence, that is,
Flzl, Fzzl, Fn: n71+Fn727 n:3,4,....
Compute lim {/F},.
n—oo

Problem 10 (6pts+2pts; B-6, 2006). Let k be an integer number greater than 1. Sup-

pose ag > 0, and define
1

k/an

(p+1 = Qp +
for n > 0.

(a) Prove that

lim
n—oo

<a51k++11>/k _ a%k+1)/k) _ % .

(b) Then, find the limit
k1

n—o0 nk



