Math 3974 Problem Seminar Homework 1
Due September 11, 2018

Problem 1.1. (Difficulty:1) Compute the sum
1 1 1
123 234" " 9899-100°
Problem 1.2. (Difficulty:1) Compute the sum

1-2-34+2-3-4+4+---498-99-100.

Problem 1.3. (Difficulty:1) Compute the sum

N
Zn -nl
n=1

Problem 1.4. (Difficulty:2) Compute the sum
1 1 1
+ . —
V2+1 V3442 V99 + /100
Problem 1.5. (Difficulty:2) Find the product

2016

I1(1-)

n=2

Problem 1.6. (Difficulty:3) Evaluate
2016

1
;W-F S+ 1)+ Y (n+1)2

Problem 1.7. (Difficulty:3) Given that ay,as,...,a, are positive numbers in arithmetic pro-
gression, show that

1 1 1 n—1
+ - + “ .. + —
a102 Q203 Ap—10an a10ap

and
1 1 n—1

\/a_l+\/a_2 \/an—l+\/an \/a_l+\/an

Problem 1.8. (Difficulty:3) Evaluate

for 0 <r <n.

Problem 1.9. (Difficulty:3) Evaluate the infinite series

>t
n:0n4—|—n2—|—1'

Hint: 2* + 22 + 1 is not an irreducible polynomial. Remember this!
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Problem 1.10. (Difficulty:3) (Putnam 1977B1) Evaluate the infinite product

ﬁ n®—1

Send4+ 1

Problem 1.11. (Difficulty:3) Find the value of the following infinite tower of exponents:
V2

vz
interpreted as the limit of the infinite sequence 1, v/2, \/5\/5, \/iﬁ , ---. Be rigorous about
your argument.

Problem 1.12. (Difficulty:4) If x # 0, prove that
sin x = x
= H cos (—)
T vt 2n

Problem 1.13. (Difficulty:4) Evaluate the sum

e
aV?

1
;\/13+23+33+--~+n3'

Hint: First compute the sum 1% 4+ 23 + 33 4+ ... + n3 for small n, did you see some pattern?

Problem 1.14. (Difficulty:4) Find the limit
i 1 (1 )
Problem 1.15. (Difficulty:6) Determine the whether the following value is finite

\/12+\/22+\/m.

Problem 1.16. (Difficulty:8) (Putnam 2015A3) Let agp = 2 and a, = af_; — 2 for k > 1.
Compute the following in a closed form

o 1

[1(t-2)

k=0 O

Hint: Try to get the expression of a; first. Try out a few terms and you can see the pattern.



