
MATH 3974 PROBLEM SEMINAR HOMEWORK 5, DUE

OCTOBER 24

1 (Difficulty 1). Prove that

1− 1

x
≤ lnx ≤ x− 1,

for all x ≥ 1.

2 (Difficulty 1). Let a, b, c be the side lengths of a triangle with the property
that for any positive integer n, the numbers an, bn, cn can also be the side lengths
of a triangle. Prove that the triangle is necessarily isosceles.

3 (Difficulty 2). For any x, y, z ∈ R, prove that

2x
2

+ 2y
2

+ 2z
2

≥ 2xy + 2yz + 2xz.

4 (Difficulty 2). If a1 + a2 + ... + an = n, prove that

a41 + a42 + ... + a4n ≥ n.

5 (Difficulty 2). Prove that if z ∈ C satisfies Rez < 1
2 , then∣∣∣∣ z

1− z

∣∣∣∣ < 1.

6 (Difficulty 3). Prove that the positive real numbers a, b, c are the side lengths
of a triangle if and only if

a2 + b2 + c2 < 2
√
a2b2 + b2c2 + c2a2.

7 (Difficulty 3). Let z1, .., zn ∈ C be so that |z1| = |z2| = ... = |zn| = 1. Prove
that the number

ω = (z1 + z2 + ... + zn)

(
1

z1
+

1

z2
+ .... +

1

zn

)
is real and 0 ≤ ω ≤ n2.

8 (Difficulty 3). Prove that for any three positive numbers a1, a2, a3

a21 + a22 + a23
a31 + a32 + a33

≥ a31 + a32 + a33
a41 + a42 + a43

.
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9 (Difficulty 4). Show that for all a1,...,an > 0 we have(
n∑

k=1

(ak)
3

)2

≤

(
n∑

k=1

(ak)
2

)3

.

10 (Difficulty 4). Prove that√
x

y + z
+

√
y

x + z
+

√
z

x + y
> 2

for all x, y, z > 0.

11 (Difficutly 4). Prove that

a

b + c
+

b

c + d
+

c

d + a
+

d

a + b
≥ 2

12 (Difficulty 5). Let f : [0, 1]→ R be a decreasing function. Prove that for any
a ∈ (0, 1)

a

∫ 1

0

f (x) dx ≤
∫ a

0

f (x) dx.

13 (Difficulty 6). Let (xn)n≥1 be a sequence of real numbers satisfying

xn+m ≤ xn + xm for all n,m ≥ 1.

Prove that
lim

n→∞

xn

n
exists and is finite.

for all a, b, c, d > 0.


