SOLUTIONS TO 2015 UCONN UNDERGRADUATE CALCULUS
COMPETITION

Tuesday 24 March 2015, 7:00-8:30 p.m.

Please show enough of your work so your line of reasoning will be clear. Numerical answers
will receive no credit if they are not adequately supported. Calculators are welcome, but
unlikely to be very useful. Have fun, and good luck!

1. Peaks and valleys. Find the maximum and minimum values of the function
f(z) = (2* — 4)® — 128v/4 — 22 over its domain.

Solution. For x to be in the domain of f, the expression inside the radical must be
nonnegative, so the domain is [—2,2]. Now we let u = /4 — 22 for —2 < z < 2, so
0 <wu < 2, and substitute:

f(z) = (—u?)® —128u = u'® — 128u = g(u),0 < u < 2.

g (u) = 16u'® — 128 = 0 if u'® = 8, u = 815 = 21/5 4(0) =0, g(2) = 2'0 — 128 -2 =
28 (28 — 1) = 65,280, and g (2'/%) = 216/5 — 128 - 21/5 = (23 — 128) - 21/5 = —120 - 21/5.
Thus max f = max ¢ = 65,280 and min f = ming = —120 - 21/ ~ —137.8438.

2. An area. Find the total area of the bounded plane region(s) enclosed by the curves

Y= %x — %IE2/3 and x = 3.

Solution. The curves meet when y = %gf — % (y3)2/3 = % (y3 — y2), or

0=y’ -y —2y=y(y+1)(y—2),s0y=0,1o0r2. Thus (z,y) = (—1,-1),(0,0), or
(8,2). z =13 =y =23 Let A(z) = <% (:1:1/3)3 — % (x1/3)2> — g3 =

= %xlﬁ (@ +1) (23 =2). -1<2<0= A(z) >0,and 0 < v < 8 = A(x) <
0, so

area — /0 A(z)dz + /j(—A(x)) iz =

-1
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3. The lost constant. The point (2,1) is on the curve z* + ky* = 16 + k no matter
what the constant k is. For one particular nonzero choice of k, y/(2) = y”(2) along this
curve. Find the value of this special choice for k.

Solution. For this k, let t = 3/(2) = ¢”(2). Differentiate implicitly twice:
42° + 4ky*y = 0 =4 (32%) + 4k (3y°y -y + v° - ¥") .

Plugin x = 2,y = 1: 32+ 4kt = 0 = 48 + 4k (3t* + t) = 48 + 4kt(3t + 1). The first
equation gives 4kt = —32 and kt = —8, so the second now gives 0 = 48 — 32(3t + 1) or
3t+1=3/2 and t = 1/6. Finally, we get

-8 -8

k=—=— =_48
t ~1/6

4. The biggest cylinder. A right circular cone has height 9 and a circular base of
radius 6. Find the largest possible volume of a right circular cylinder inscribed in the
cone with one end on the base of the cone.

Solution. Place the entire figure in zyz-space so that the circular base of the cone
is in the xy-plane with center (0,0,0) and radius 6, while the apex is at (0,0,9). The
cylinder has radius 7 (0 < r < 6), and its top is at height h (0 < h < 9) where

4
Or -+ 6h = 54, s0 h — 2 - or
is V =mr?h = mr?(9—(3/2)r) = (7/2) (1872 = 3r3) = f(r). f'(r) = (7/2)(36r —9r?) =
(97 /2)r(4 — r) which, for 0 < r < 6, equals 0 only when r = 4. f(0) = f(6) = 0 and
f(4) = 48m, which is the largest possible volume.

3
=9— 3" As a function of r, the volume of the cylinder

5. How cool is cool? According to Newton’s law of cooling, the rate at which a cup
of coffee cools is proportional to the difference between its temperature and that of
the room it is in. A certain cup of coffee cools from 164° to 140° (all temperatures
Fahrenheit) in five minutes, and then from 140° to 122° in the next five minutes. What
is the temperature of the room?

Solution. Let ¢ be the time in minutes after cooling begins, and let f(¢)° be the
temperature of the coffee at time t. Let ¢® be the temperature of the room. Newton’s
law says that f'(t) = k(f(t) — ¢) for some constant k. If g(t) = f(t) — ¢, then ¢'(t) =
kg(t), so g(t) = Ae* for yet another constant . Thus f(t) = g(t) + c = A" +¢c. We
are given that 164 = f(0) = A 4 ¢, so A = 164 — ¢; that 140 = f(5) = \e®* + ¢ =

= (164 — c)u + ¢ where u = ¢°*; and that 122 = f(10) = Xe'% + ¢ = (164 — c)u® + c.

140 — 122 — 140 —
¢ d u? ¢ But also u? = ¢
164 — ¢

64—c " T e
expressions for u? and multiplying by (164 — ¢)? gives (140 — ¢)? = (122 — ¢)(164 — ¢)
or ¢ —280c 4+ 19,600 = ¢ — 286¢ + 20, 008, so 6¢ = 408 and ¢ = 68. The temperature

of the room is 68°.

Thus v =

2
) . Equating the two



6. A tricky trig integral. Evaluate the integral

w/3 1
]:/ —df
x4 tanf + cot

) /3 1 sin @ cos ¢ ™3 sinfcos
Solution. I = .= f = ———————df =
x4 tanf +cotf sinbcosd =/4 sin” 6 + cos? 0

w/3

= / sin 6 cos 0 df. Substituting u = sin 6, du = cos 6 df gives
w/4
B ﬁ/ 2 2 i 3/4 2/4

I'= |f/2 =1/8.
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7. A trig series. Determine (proof really needed!) whether the infinite series

Z (1 - cos—>

converges.

Solution. 1—cosz >0 for all z. Let f(z) = 2? — (1 —cosz). f'(x) =2z —sinz and
f"(x) =2—cosx >0, s0 fis strictly increasing. f'(0) =0, so f'(x) > 0 for > 0 and
f is strictly increasing for = > 0. f(0) =0, so f(z) > 0 that is, 1 — cosx < 22, for all
m T2 2 /T2
>0 Thus 0<1—cos = < (2). 37 (2) =2 . The last
x us 0 < cos — Z T Z e last sum converges

n
n=

(p-series), hence by the comparison test so does the glven series.

8. Cutting a cone. A cone in zyz-space has as its cross-section at height z a circle
centered at (0,0, z) of radius |z|. Consider the solid S consisting of those points which
lie inside the cone, above the xy-plane, and below the planes z = 3 and z = 2z — 1.
Set up, but do not evaluate, an integral or iterated double integral or iterated triple
integral (or sum of such integrals) whose value is the volume of S. There may be many
correct answers; for whatever answer you give, the crucial things to get right are the
integrand(s) and all the limits of integration.

z+1
Solution. & consists of those points (z,y, z) that satisfy 0 < z < 3, % <z<z,

1
and 22 4+ y? < 22. The second of these forces : < z, so in fact z > 1. Fixing

appropriate z and x, we have |y| < V22 — 2. This gives us one possible solution
(there are others): the volume of S is equal to

3 z
/ (/ 2V 22 — x? dx) dz
1 z+1
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