Putnam Calculus Problems 2016-1

. (Difficulty 1) Show that for all x > 1,
x
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. (Difficulty 2) Let R > 0. Find the limit

. (Difficulty 3) Let f(z) = ffz 1%/ for x € (1,00). Show that f is injective on (1,00) and find the
range of f.

. (Difficulty 3) Suppose that f: R — R satisfies,

Zloj(f(fc+jy) — fla—jy)| <1

for all n € N and z,y € R. Show that f is constant.
. (Difficulty 3) If f is continuous find the limit

1 1
lim 7/ 2/ (2)d.

n—oon J

. (Difficulty 4)Let f : (0,+00) — R be a twice differentiable function such that

lim f'(z) = —oc0 and lim f”(z) = +o0.
lim f(z) = —ocoand lim f7(z) = +oo

Show that
f(z)

o0t f(z)

=0.

. (Difficulty 5) Let (r,)nen be a sequence of positive reals. Find the limit
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. (Difficulty 6) Let f be a 3-times continuously differentiable function f: R — R such that

(i) f(0) =0,
(i) f(0) =0,
(iii) f”(0) > 0.

Let
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for  # 0 and ¢g(0) = 0. Show that ¢ is bounded in some neighborhood of 0.



9. (Difficulty 7) Find the maximum value of
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for0 <y <1.

10. (Difficulty 8) Does there exists an infinite sequence of closed discs (D;)$2; in the plane such that

(i) the centers of the ¢; have no finite limit point,
(ii) the sum of the areas of the D; is finite, and

(iii) every line in the plane intersects at least one of the D;?



